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Abstract. Let X be an analytic space of pure dimension. We 
introduce a formalism to generate intrinsic weighted Koppelman 
formulas on X that provide solutions to the 9-equation. We prove 
that if is a smooth (0, g + l)-form on a Stein space X with 
d4> = 0, then there is a smooth (0, g)-form -0 on Xreg with at 
most polynomial growth at Xsing such that dip — (p. The integral 
formulas also give other new existence results for the i9-equation 
and Hartogs theorems, as well as new proofs of various known 
results. 



1. Introduction 

Let X be an analytic space of pure dimension d and let Ox be the 
structure sheaf of (strongly) holomorphic functions. Locally X is a 
subvariety of a domain VL in C" and then Ox = O/J, where J is the 
sheaf in VL of holomorphic functions that vanish on X. In the same 
way we say that is a smooth (0, g)-form on X, G £o,q{X), if given 
a local embedding, there is a smooth form in a neighborhood in the 
ambient space such that is its pull-back to Xreg- It is well-known 
that this defines an intrinsic sheaf Eq^ on X. It was proved in [13j that 
if X is embedded as a reduced complete intersection (see Example [T]) 
in a pseudoconvex domain and is a 9-closed smooth form on X, then 
there is a solution ip to dip = on X^eg- It has been an open question 
since then whether this holds more generally. In this paper we prove 
that this is indeed true for any Stein space X. 

We introduce Koppelman formulas with weight factors on X by 
means of which we can obtain intrinsic solutions operators for the d- 
equation. We begin with a semi-global existence result. 

Theorem 1.1. Let Z he an analytic subvariety of pure dimension of 
a pseudoconvex domain f2 C C" and assume that uj dd VL. There are 
linear operators /C: £o,(j+i(^) £o,q{,Zreg Ho;) and V: £'o,o(^) C'(c<j) 
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such that 

(1.1) 0(Z) = (9/C0(z) + IC{d(l)){z), Z e Zreg LU , (f) E £o,q{Z), g > 0, 

and 

(1.2) 0(2) = /C(a</.)(^) + V(t){z), z e Zre, n a;, </) G fo,o(^)- 
Moreover, there is a number M such that 

(1.3) ]C<P{z) = 0{6{zr''), 
where S{z) is the distance to Zging- 

The operators are given as 

(1.4) /C0(2) = ^K(C,2)A0(C), V<Piz) = j^PiC,z)A<PiO, 

where K and P are intrinsic integral kernels on Zx [Z^eg^oj) and Zxuj, 
respectively. They are locally integrable with respect to C on Zreg and 
the integrals in (11.41) are principal values at Zging. If (j) vanishes in a 
neighborhood of a point x, then /C0 is smooth at x. 

There is an integer only depending on Z such that /C : Cq ^^^^(Z) 
Clq{Zreg H oj) for each > and P: Cl^{Z) 0{uj). Here G 
Cq q(Z) means that is the pullback to Zreg of a (0, g)-form of class C'^ 
in a neighborhood of Z in the ambient space. As a corollary we have 

Corollary 1.2. ^zj //0 G Co^,<^(^), k > N + 1, and d(p = 0, then there 

isipe Cl^{Zreg H uj) With %Ij{z) = 0{S{z)-^^^) and dip = 0. 

(a) If (p G CQf^^{Z) and d(p = then is strongly holomorphic. 

Part (ii) is well-known, [15J and [22j, but P0 provides an explicit 
holomorphic extension of to tu. The existence result in [13] for a 
reduced complete intersection is also obtained by an integral formula, 
which however does not give an intrinsic solution operator on Z. 

We cannot expect our solution /C0 to be smooth across Zsmg- For 
instance, let Z be the germ of a curve at G defined by t i— *• 
(t^,t^ + t^). If = wdz = 3(?' + ?°)(it then there is no solution 
i/j = f{t^,t'^ + t^) with / smooth. See |20J for other examples. However, 
it turns out that the difference of two of our solutions is anyway d-exact 
on Zreg if 5' > 1 and strongly holomorphic if g = 1. By an elaboration 
of these facts we can prove: 

Theorem 1.3. Assume that X is an analytic space of pure dimension. 
Any smooth d-closed {O,q)-form (p on X, q > 1, defines a canonical 
class in H'^{X,Ox), and if this class vanishes then there is a global 
smooth form ip on Xreg such that dip = 0. In particular, there is 
always such a solution if X is a Stein space. 

We can use our integral formulas to solve the 9-equation with com- 
pact support. As usual this leads to Hartogs results for holomorphic 
functions. 
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Theorem 1.4. Assume that X is a Stein space of pure dimension d 
with globally irreducible components and let K be compact subset 
such that Xl^g\K is connected for each i. Let v be the (minimal) depth 
of the rings Ox,x, x e X^ing- 

(i) If V >2, then for each holomorphic function cf) G 0{X \ K) there 
zs $ G 0{X) such that ^ = (j) inX\K. 

(a) Assume that u = 1 and let x be a cutoff function that is identically 
1 in a neighborhood of K. There is a smooth {d, d— l)-form a on X^eg 
such that the function G 0{X \ K) has a holomorphic extension $ 
across K if and only if 

(1.5) / dxAa(f)h = 0, he 0{X), 

where the integrals exist as principal values at Xsmg- 

If X is normal and X\K is connected, then the conditions in (i) are 
fulfilled, and so we get a Hartogs theorem that was proved by other 
methods by Merker and Porten in [IB]. Recently, Ruppenthal, also 
gave a proof by 9-methods in case Xgmg discrete. If X is not normal 
it is necessary to assume that X^^^ \K is connected; see Example [3] in 
Section [8] below. 

In the same way we can obtain the existence of 9-closed extensions 
across Xsmg of 9-closed forms in Xreg- This leads to existence results 
for the (9-equation in Xreg via Theorem II. 1[ In this way we obtain 
the following vanishing theorem that was proved already in |21j by 
analyzing the Cech cohomology of the sheaf in a local embedding 
of X. 

Theorem 1.5. Assume that X is a Stein space of pure dimension d. 
Let V be the (minimal) depth of the rings Ox,x, x G Xsmg- Assume that 
(p is a smooth d-closed {O,q)-form in Xreg- IfO < q < u — l — dirnXsmg, 
then there is a smooth solution to dip = (p in Xreg- lfq = 0<i' — 1 — 
dim Xsing, then extends to a strongly holomorphic function. 

If g = u — l — dim Xsing, then the same conclusion is true if and only if 
a certain moment condition, similar to (11.51) . is fulfilled locally at Zsing- 
The sufficient condition in case g = is not necessary. The precise 
condition is Serre's criterion; see Section [9l where we also present a 
conjecture about an analogous sharp (er) criterion for solvability of d 
for q > 0. 

We have the following new vanishing result: 

Theorem 1.6. Assume that X is a Stein space of pure dimension d. 
If dim Xsing = 0, then for each smooth {O,d)-form on Xreg there is a 
smooth solution to dip = (p on Xreg- 
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lii/ = dimX (i.e., X is Cohen-Macaulay) and X^ing is discrete, then 
there is thus a local obstruction only when q = dimX — 1 (as at a 
regular point). 

Our solution operator /C behaves like a classical solution operator on 
Xreg and by appropriate weights we get 

Theorem 1.7. Assume that Z is subvariety of pure dimension of a 
pseudoconvex domain C C" and let uj CC Vl. Given M > there is 
an N > and a linear operator K, such that if cf) is a d-closed (0,g)- 
form on Z^eg with G L^^Zreg), 1 < P < oo, then dlCcj) = and 

6-^'lC(PeLP{Zreg). 

The existence of such solutions was proved in [9] (even for (r, q)- 
forms) by resolution of singularities and cohomological methods (for 
p = 2, but the same method surely gives the more general results). 
By a standard technique this theorem implies global results for a Stein 
space X. 

In case Zgi^g is a single point more precise result are obtained in 
[TH] and [H]. In particular, if has bidegree (0,g), q < dimZ, then 
the image of L?{Zreg) under d has finite codimension in L'^{Zreg)- See 
also [IT], and the references given there, for related results. In [7], 
Fornaess and Gavosto show that, for complex curves, a Holder continu- 
ous solution exists if the right hand side is bounded. Recently, certain 
hypersurfaces have also been considered, e.g., in [20] . 

In [21] Tsikh obtained a residue criterion for a weakly holomorphic 
function (or even a meromorphic function) to be strongly holomorphic 
in case Z is a (reduced) complete intersection. This result was recently 
extended to a general variety in [3]. By formula (11.21) we get a new 
proof of this result and an explicit representation of the holomorphic 
extension. 

The main ingredients in the construction of the integral operators 
K and P in Theorem 11.11 are a certain residue current R, introduced 
in and [5], that is associated to the variety Z, and the integral 
representation formulas from |2j- We discuss the current R in Section[21 
and in Section [3] we obtain the Koppelman formula as the restriction 
to Z of a certain global formula in the ambient set Q. In Section [U] we 
compute our Koppelman formulas more explicitly in case Z is a reduced 
complete intersection. The resulting formula for V coincides with the 
representation formula by Stout [23] and Hatziafratis pjj when Zsing 
is discrete. 

Acknowledgement: We are indebted to Jean Ruppenthal and Nils 
0vrelid for important remarks on an earlier version of this paper. 

2. A RESIDUE CURRENT ASSOCIATED TO Z 

Let Z he a subvariety of pure codimension p = n — d oi a. pseudocon- 
vex set VL C C". The Lelong current [Z] is a classical analytic object 
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that represents Z. It is a (i-closed (p, p)-current such that 

= [ e 

Jz 

for test forms ^. If codimZ = 1, Z = {f = 0} and d/ 7^ on Zreg, 
then a simple form of the Poincare-Lelong formula states that 

(2.1) 4"li=i^i- 

To construct integral formulas we will use an analogue of the current 
5(1//), introduced in [4J, for a general variety Z. It turns out that this 
current, contrary to [Z], also reflects certain subtleties of the variety 
at Zsing that are encoded by the algebraic description of Z. Let J' be 
the ideal sheaf over Q generated by the variety Z. In a slightly smaller 
set, still denoted fl, one can find a free resolution 

(2.2) ^ 0{En) ^ . . . ^ 0{E2) ^ 0{Ei) ^ 0{E^) 

of the sheaf O / J . Here E^ are trivial vector bundles over f2 and Eq = 
is the trivial line bundle. This resolution induces a complex of trivial 
vector bundles 

(2.3) Q ^ En ^ . . . ^ E2 ^ El ^ Eo Q 

that is pointwise exact outside Z. Let Zk be the set where fk does not 
have optimal rank. Then 

■ ■ ■ Zk+i <Z Zk (Z ■ ■ ■ (Z Zp = z, 

and these sets are independent of the choice of resolutions, thus invari- 
ants of the sheaf T = O j J . The Buchsbaum-Eisenbud theorem claims 
that codimZfc > k for all /c, and since furthermore T has pure codi- 
mension p in our case, Zk C ^^mg for k > p, and (see Corollary 20.14 

in m) 

(2.4) codimZfc>fc + l, k>p+l. 

There is a resolution (12.21) if and only if = for k > N, and this 
number is equal to n — u, where u is the minimal depth of Oj J . In 
particular, the variety is Cohen-Macaulay, or equivalently, the sheaf 
T = O I J Ys, Cohen-Macaulay if and only if = for A; > p + 1. In 
this case we can thus choose the resolution so that N = p. 

Remark 1. Let us define Z^ = Zg^g and Z''' = Zp^j. for r > 0. One 
can prove that these sets are independent of the embedding and thus 
intrinsic objects of the analytic space Z that describe the complexity 
of the singularities. In fact, by the uniqueness of minimal embeddings, 
it is enough to verify that these sets are unaffected if we add nonsense 
variables and consider Z as embedded into fl x C'". This follows, e.g., 
from the proof of Theorem 1.6 in [3]. □ 
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Given Hermitian metrics on Ej. in (12.21) in was defined a current 
U = Ui + ■ ■ ■ + Un, where Uk is a {0,k — l)-current with values in E^, 
and a residue current with support on Z, 

(2.5) R = Rp + Rp+i + ■ ■ ■ + Rn, 
where Rk is a (0, /c)-current with values in E^, satisfying 

V/f/ = 1-R, 

if'Vf = f — d = ^fj — d. Outside Z, the current f/ is a smooth form 
u and if F = /i, then U = \F\'^^u\x=o and R = d\F\'^^Au\\=Q. In case 
Z is Cohen-Macaulay and N = p, then R = Rp is 9-closed. 

Example 1. Assume that Z is a reduced complete intersection, i.e., 
defined by a = (ai,...,ap) with daiA . . . Adap 7^ on Zreg- Then 
the Koszul complex induced by a provides a resolution of Oj J . Let 
ei, . . . , Cp be a holomorphic frame for the trivial bundle A and consider 
a as the section a = aiel + 0262 + ■ ■ ■ of the dual bundle A*, where e* 
is the dual frame. Let Ek = A'' A, and let all the mappings fk in (12. 2p 
be interior multiplication, 6a, with a. Notice that Sa = J2j ^j^j/l^l"^ 
is the minimal solution to 6aSa = 1 outside Z (with respect to the 
trivial metric on A). If we consider all forms as sections of the bundle 
A(T*(fi) © A), see then Uk = SaA{dsa)''~^. If F is any holomorphic 
tuple such that |F| ~ \a\, then, see, e.g., [1], 

(2.6) R = R = d\F?^AuJ\^_^ = B—A . . . A9— AciA . . . Ae„, 

i.e., the classical Coleff-Herrera product (times eiA . . . Ae^). It is well- 
known that 

(2.7) d—A . . . Ad—AdaiA . . . Adap/{2nif = [Z]. 

CLp Oil 

For further reference we also observe that 

(2.8) d\F\'^^AUp^d—A...Ad— 

dp (Xi 

as measures in Z^eg when A \ 0. This is easily verified since we may 
assume that a is part of a holomorphic coordinate system. □ 

In [5] was introduced the sheaf of pseudomeromorphic currents VA4 
and it was pointed out that the currents U and R are pseudomero- 
morphic. For each pseudomeromorphic current /i and any subvariety 
V there is a natural restriction fily to V. If /i is a holomorphic tuple 
such that V = {h = 0}, then a priori defined when Re A >> 0, 

has a current- valued analytic continuation to Re A > — e, and the value 
at A = is precisely /z — /ily. The current fily is again in VM. and it 
has support on V. The following property is crucial. 

Proposition 2.1. If ^ & VM. with bidegree {r,p) has support on a 
variety V of codimension k > p then /i = 0. 
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It is proved in [5] that the restriction Rly of R to any subvariety V of 
Z (of higher codimension) must vanish; we say that R has the standard 
extension property, SEP, with respect to Z. For the component Rp of 
R the SEP follows immediately from Proposition 12.11 but the general 
statement is deeper; it depends on the assumption that Z has pure 
codimension. In particular, ii h is a holomorphic function that does 
not vanish identically on any component of Z (the interesting case is 
when {h = 0} contains Zging), and x is a smooth approximand of the 
characteristic function for [1, oo), then 

(2.9) lira xm/S)R = R. 

Proposition 2.2. For the residue current R associated to (12. 2p the 

following hold: 

(i) There are smooth currents 7^ on Z^eg such that 

(2.10) Rk = ikAZ] 

there. Moreover, there is a number M > such that 

(2.11) |7fc| < cr^-^ 

where 5 is the distance to Zging- 

(a) If ^ is a smooth (0, q)-form whose pull-hack to Z^eg vanishes, then 
RA<I> = 0. 

To be precise, 7fc is a section of the bundle A°''^~^T*(X) ® -E^ ® 
^^Ti^o[X). Part (ii) means that for each G So^q{Z) we have an in- 
trinsically defined current i?A(^. 

Proof. In a neighborhood of a given point x G Z^eg we can choose 
coordinates {w',w") such that Z = {w" = . . . = Wp = 0}. Then J' is 
generated by w", the associated Koszul complex provides a (minimal) 
resolution of O/J' there, and the corresponding residue current R = Rp 
is just the Coleff-Herrera product formed from the tuple a = w", see 
Example [T] above. An arbitrary resolution at x will contain the Koszul 
complex as a direct summand, and it follows, see Theorem 4.4 in ^ or 
Section [5] below, that therefore 

Rp = ad^A...Ad^, 
where a is a smooth Ep-vaAned form. It follows that we can take 7^ as 

To obtain a global form, for x G Zreg, let be the orthogonal com- 
plement in (T(X)i^o)a; of {T{Z)ifi)x (with respect to the usual metric 
in the ambient space). We can then modify r so that it takes values 
in A^L without affecting (12.101) . and 7^ so defined is pointwise unique 
and hence a global smooth form on Z^eg- For further reference we also 
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notice that the norm of 7p will not exceed the norm of the locally de- 
fined form T. The proof of the asymptotic estimate (I2.1ip for k = p is 
postponed to Section 

Outside Zk^i there is a smooth (0, l)-form ak+i (with values in 
B.om{Ek, Ek+i)) such that -R^+i = ak+iRk- Moreover, the denom- 
inator of ak+i is the modulus square of a tuple of sub determinants 
of the matrix fk, see [1], and hence ak has polynomial growth when 
C —>■ Zk+ii see |1] Theorem 4.4. It follows that we can take 

(2.12) 7fc = ±afc ■ ■ ■ ap+i7p 

for > p + 1, and (12.111) for k > p follows from the case k = p. 

To see (ii), assume that $ vanishes on Zreg- Since $ is (0, q) we have 
that RkA^ = 7fcj[Z]A$ = 7fcj([Z]A<l>) = on Zreg- Now (ii) follows 



3. Construction of Koppelman formulas on Z 

We now recall the construction of integral formulas in [2J on an open 
set fl in C". Let (r/i, . . . , ?7„) be a holomorphic tuple in x that 
span the ideal associated to the diagonal A C fi^ x il^. For instance, 
one can take rj = Q — z. Following the last section in [2] we consider 
forms in fi^ x Vtz with values in the exterior algebra spanned by 
Tq ;^(n X Vi) and the (1, 0)-forms drji, . . . , drjn- On such forms interior 
multiplication 5^ with 



has a meaning. We introduce V,, = 5^ — d. Let g = + ■ ■ ■ + Qn he 
a smooth form (in A^) defined for z m uj dd Vt and C, d Vt, such that 
go = 1 on the diagonal A in x (lower indices denote degree in drf) 
and V^(7 = 0. Such a form will be called a weight with respect to u. 
Notice that if g and g' are weights, then g/\g' is again a weight. We 
will use one weight that has compact support in f2, and one weight 
which gives a division-interpolation type formula with respect to the 
ideal sheaf J associated to the variety Z dVL. 

Example 2. If i7 is pseudoconvex and i^' is a holomorphically convex 
compact subset, then one can find a weight with respect to some neigh- 
borhood uj of depending holomorphically on z, that has compact 
support (with respect to Q in fi, see, e.g.. Example 2 in [2J. Here 
is an explicit choice when K is the closed ball IB and i] = ( — z. If 
a = ( ■ dri/27!-i{\(\'^ — ( ■ z), then 5^0" = 1 ioi ( z and 



from (12:91) . 



□ 




1 



aA{da) 



k-l 



1 C ■ dr]A{d( ■ drj) 



{2mf (|C|2-C-^)fe 
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If X is a cutoff function that is 1 in a shghtly larger ball, then we can 
take 

g = X - ^x^^ = X - dx^[<y + ^^d^ + (^^{^af + ■■■ + a^{^ay-\ 

One can find a, g oi the same form in the general case. □ 

Assume now that Vt is pseudoconvex. Let us fix global frames for the 
bundles Ek in (12. 3p over f2. Then — C''^'^'^^'-', and the morphisms 
fk are just matrices of holomorphic functions. One can find (see p] for 
explicit choices) (/c — 0)-form- valued Hefer morphisms, i.e., matrices, 
Hi : Ek ^ El depending holomorphically on z and (, such that Hi = 
for k < i, H^ = I and in general, 

(3.1) 5,Hl = Hl_,h-fi+i{mi^': 
here / stands for /(C)- Let 

HU = Y,HlUl HR = Y,HlRk. 

k k 

Thus HU takes a section $ of Eq, i.e., a function, depending on C into 
a (current- valued) section HU $ of Ei depending on both C and z, and 
similarly, HR takes a section of Eq into a section of Eq. 

Let s be a smooth (1, 0)-form in A.;, such that |s| < C|?7| and |(5.^s| > 
C|?7p; such an s is called admissible. Then B = s/V^s is a locally 
integrable form and 

(3.2) = 1 - [A], 

where [A] is the (n, n)-current of integration over the diagonal in i7 x 1). 
U 1] = — z, s = (9|?7p will do, and we then refer to the resulting form 
B as the Bochner-Martinelli form. 

Let g be any smooth weight (with respect to u CC Q, but not 
necessarily holomorphic in z), and with compact support in Q. For a 
smooth (0, g)-form on Z we want to define 

(3.3) IC(t){z) = j^{HRAgAB)nA(f>, z G Z^eg H u, 
and 

(3.4) V(p{z) = J^{HRAg)rA(p, z Ecu. 

Here the lower index denotes degree in dt]. To this end, let $ be any 
smooth form in Q whose pull-back to Zreg is equal to 0. If $ is vanishing 
in a neighborhood of some given point x on Zreg, then i?A$ is smooth in 
C for z close to x, and the integral is to be interpreted as the current R 
acting on a smooth form. It is clear that this integral depends smoothly 
on z G Zreg H uj and in view of Proposition 12.21 it only depends on 0. 
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Let us then assume that $ has support in a neighborhood of x in which 
R = -f4Z]. Notice that 

{HRAgAB)r, = H^RpA{gAB)n^p + Hl^^Rp+iA{gAB)n-p^i + ■ ■ • , 

cf., f l2.5l) . and that 

(3.5) {9AB)^_, = 0{l/\Tir'"^-^) 
so it is integrable on Z^^g for k > p. Thus 

(3.6) [ H',RkA{gAB)n^kA^ = ± [ 7fej(^°A((7A5)„_fc) A$ 

is defined pointwise and depends continuously on ^ e w, and it is in 
fact smooth on Zreg Hu; according to Lemma [3^ below. It is also clear 
from (13. 6p that the integral only depends on the pullback of $ to Zreg- 
In the same way one gives a meaning to (13 ■4p . 

Since B has bidegree (*,* — 1), /C0 is a (0,g — l)-form and V(f) is 
(0, g)-form. It follows from (12.91) that (IL4p holds as principal values at 

Zsing with 

(3.7) K{C, z) = ±^4HAgAB)r,, P(C, z) = ±iAHAg)^. 

Proposition 3.1. Let g be any smooth weight in Q with respect to 
uj CC Vt and with compact support in f2. For any smooth {O,q)-form 
on Z, /C0 is a smooth (0, g — \)-form in Z^eg H uj, Vcj) is a smooth 
(0, q)-form in u, and we have the Koppelman formula 

(3.8) 0(^) = 

d, {HRAgAB)nA(j)+ {HRAgAB)nAd(f) + I {HRAg)nA(t), 



for Z G Zreg H UJ . 

Proof. On a formal level the Koppelman formula follows from Sec- 
tion 7.4 in [2] by just restricting to z E Zreg H uj, but for a strict ar- 
gument one must be careful with the limit processes. Let = \F\'^'^u 
and 

AT 

i?^ = J] i?^ = 1 - + d\F\^^Au, 

SO that VfU^ = 1 - R^. We can have 

g^ = f{z)HU^ + HR^ 

as smooth as we want by just taking Re A large enough. If Re A >> 0, 
then, cf., p] p. 325, g^ is a weight, and thus, cf., (13. 2p . 

V,,{g^AgAB)= g^Ag-[^] 

from which we get 

(3.9) d{g''AgAB)r, = [A] - {g^Ag)^. 
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As in [2] we get the Koppelman formula 

(3.10) ^z) = JyAgAB)^Ad^+d, JyAgAB)^A^+J^{g^Ag)nA^ 
foT z E u, and since g'^ = HR^ when z G Zreg we get 

^{z) = j{HR^AgAB)nAd^+ 

3, j{HR^AgAB)nA^ + j{HR^Ag)rA^, z E Z^-eg n cu. 
It is now enough to check that 

(3.11) j^{HR^AgAB)nA<^, j{HR^Ag)rA^ 

have analytic continuations to Re A > and tend weakly to /C$ and 
respectively, when A \ 0. To this end, fix a point x on Zreg H uj. 
If $ vanishes identically in a neighborhood of x, then the first integral 
in (13. lip is just the current R^ acting on a smooth form, and hence 
the continuation exists to Re A > — e and has the desired value at 
A = 0. Therefore, we can assume that $ has compact support in 
a neighborhood of x where R = ^\Z\. Let '?/'(z) be a test form of 
bidegree (ra — p, — p — g + 1) with support in Zreg H oj. We have to 
prove that 

\ ^{z)aY, [ HlRlA{gAB\^^k^^ 

is analytic for Re A > and tends to 

%l){z)AlC^{z) 

when A \ 0. For k>p^ne have, as before, cf., (13.51) that 

ij{z)A [ H^,RlAigAB)n-kA<^ = [ i?>$AT^, 
Jc Jc 

where Tijj{() is continuous. If aj = w'- defines Z locally as in the proof 
of Proposition \2.2\ then |F| ~ |a|, and (see [1]) 

Uk = ak{up © a) 

where a, at are smooth and Up is the form from Example [H For Re A > 
0, the form i?^ is locally integrable, and in view of (12.81) we have that 
R\ — > Rk as measures when A \ 0. On the other hand, if 1 < < p, 
then 

TV^(C) = / HlA{gAB\^^,A^{z) = Oi\a{C)\-^'^-''-'^). 
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Moreover, Uk = dkiuk ® a) = 0(l/|ap'' ^). Thus 

Jzez Jc J( 

which tends to when A — > 0. Finally, the case k = is handled by 
dominated converence. The second integral in fl3.1ip is treated in a 
similar way. □ 

Lemma 3.2. Let ^ be a non-negative function in M.^ x such that 
$^ is smooth and ~ |x — yp. For each integer i > 0, let ai denote 
a smooth function that is 0{\x — y\'''), and let S^, denote a finite sum 
^^>oa^/<l>'^+^ Ifu<N and^e C^(M^), then 



T^{x) = / £^{x,y)^{y)dy 

J V 



zs in C^fM^l 



This lemma should be well-known, but for the reader's convenience 
we sketch a proof. Let Lj = {d/dxj + d/dyj). It is readily checked that 
Lfctt^ = a£ from which we conclude that L^Su = S^. The lemma then 
follows. 

4. Proofs of Theorems 11.11 and 11.31 

Proof of Theorem If we choose g as the weight from Example [2] 
then V(t) will vanish for degree reasons unless has bidegree (0, 0), i.e., 
is a function, and in that case clearly Vcf) will be holomorphic for all z 
in a tu. Now Theorem 11.11 follows from the Koppelman formula (13. 8p 
except for the asymptotic estimate (11.31) . 

After a slight regularization we may assume that 5{z) is smooth on 
Z^eg or alternatively we can replace 5 by \h\ where /i is a tuple of 
functions in f2 such that Z^ing = {h = 0}, by virtue of Lojasiewicz' 
inequality, [H] and [15J. Let /i = HR. We have to estimate 

when z Zging- To this end we take a smooth approximand of 

X[i/v/2,oo)(^) and write (O) as 

^x(5(C)M^))MC)|^ + ^(1 - x(5(C)M^)))MC)|^. 

In the first integral 6{() ~ 6{z) and since (12.101) holds here and the 
integrand is integrable we can use (12.111) and get the estimate < 6{z)~^ 
for some M. In the second integral we use instead that fi has some fixed 
finite order so that the action can be estimates by a finite number of 
derivatives of (1 — x)0(|?7|)/|?7p"~^^, which again is like 6{z)~^'' for 
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some M, since here C\ri\ > \S{Q — S{z)\ > 6{z)/2. Thus we have 

\mz)\<s{z)-^. □ 

Proof of Corollary Suppose that u is the order of the current R. 
Since /C$ essentially is the current R acting on $ times a smooth form, 
it is clear that the Koppelman formula remains true even if $ is just 
of class C'^'^^ in a neighborhood of Z. However, it seems to be more 
delicate matter to check that /C$ only depends on the pullback of $ to 
Z. In order to copy the argument in the proof of Proposition 12.21 one 
may need (possibly just for technical reasons) some more regularity. 
After appropriate resolutions of singularities, the current R is (locally) 
the push-forward of a finite sum of simple current of the form 

d—A...Ad — A 



where a is smooth. If we choose as the sum of the powers of the 
denominators then the argument will work. This follows from an in- 
spection of the arguments in [5J but we omit the details. In general, 
however, the number N is much higher than the order of R. □ 

We now turn our attention to the proof of Theorem II. 3[ We first 
assume that X = Z is a. subvariety of some domain in C". A basic 
problem with the globalization is that we cannot assume that there 
is one single resolution (12. 2p of O/J' in the whole domain Q. We 
therefore must patch together local solutions. To this end we will use 
Cech cohomology. Recall that if Qj is an open cover of fl, then a 
/c-cochain is a formal sum 

|/|=fc+i 

where / are multi-indices and ej is a nonsens basis, cf., e.g., [T] Section 8. 
Moreover, in this language the coboundary operator p is defined as 
= eA^, where e = ej. 

If is a weight as in Example [2] and g' = (1 — x)s/V,jS, then 
(4.2) V,g' = l-g. 

Notice that the relations (13. ip for the Hefer morphism(s) can be 
written simply as 

6r,H = Hf- f{z)H = Hf 

lizez. 

Proof of Theorem \1.3\ in case Z G Q G C^. Let Qj be a locally finite 
open cover of Q with convex polydomains (Cartesian products of convex 
domains in each variable), and for each j let gj be a weight with support 
in a slightly larger convex polydomain Qj DD Qj and holomorphic in 
^; in a neighborhood of Qj. Moreover, for each j suppose that we have 
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a given resolution fl2.2p in Clj, choice of Hermitian metric, a choice of 
Hefer morphism, and let {HR)j be the resulting current. If is a 
9-closed (0, g)-form in f2, then 

(4.3) u,{z) = j {{HR),AgjAB)^A<p 

is a solution in Qj to duj = 0. We will prove that Uj — Uk is (strongly) 
holomorphic on Vtjk (1 Z if q = 1 and Uj — Uk = Bujk on Qjk fl Zreg if 
g > 1, and more generally: 

Claim I Let he the 0-cochain = '^UjAej. For each k < q — 1 
there is a k-cochain o/(0, q—k — l)-forms on Zreg such that pu^ = du'^^^ 
if k < q — 1 and pu'^~^ is a (strongly) holomorphic q-cocycle. 

The holomorphic g-cocycle pu'^~^ defines a class in H'^{Q, O/J') and 
if Q is pseudoconvex this class must vanish, i.e., there is a holomorphic 
q — 1-cochain h such that ph = pu'^~^. By standard arguments this 
yields a global solution to dip = (p. For instance, if g = 1 this means 
that we have holomorphic functions hj in Qj such that Uj—Uk = hj — hk 
in Qjk n Z. It follows that uj — hj is a global solution in Zreg- 

We thus have to prove Claim I. To begin with we assume that we 
have a fixed resolution with a fixed metric and Hefer morphism; thus 
a fixed choice of current HR. Notice that if 

9jk = gj/\g'k -gk/\g'j, 

cf., (i2D, then 

"^vdjk = gj — gt 

in VLjk- With as in Section [31 and in view of 03.21) . we have 

Vr,{g^Ag,k^B) = g^Ag^AB - g^AgkAB - g^Agjk + g^AgjkA[A]. 

However, the last term must vanish since [A] has full degree in dr] and 
gjk has at least degree 1. Therefore 

-d{g^AgjkAB)n = {g^AgjAB)^ - {g^AgkAB)^ - {g^Agjk)n 
and as before we can take A = and get, assuming that dcp = 0, 

(4.4) Uj -Uk = j {HRAgjk)rM + dz j {HRAgjkAB)rM- 

Since g^k is holomorphic in z in Vljk it follows that Uj — Uk is (strongly) 
holomorphic in Vljk fl Z if g = 1 and 9-exact on VLjk fl Zreg if g > 1- 

Claim II Assume that we have a fixed resolution hut different 
choices of Hefer forms and metrics and thus different aj = {HR)j in 
Qj. Let e'j he a nonsense hasis. If = '^^^^ ^'^^ each k > 

there is a k-cochain 

A'= J2 ^i^^'i^ 

\I\=k+l 
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where Aj are currents on 17/ with support on Qj H Z and holomorphic 
in z in Qj, such that 

(4.5) p'A'' = e'AA^ = VrjA''+\ 



In particular we have currents ajk with support on Z and such that 
V^ajk = aj - ak in Qjk- If 

Wjk = ajkMjAgk + OjAQjAg'f. - akAgkAg'j, 

then 

VrjWjk = ajAgj - OkAgk- 
Notice that Wjk is a globally defined current. By a similar argument as 
above (and via a suitable limit process) one gets that 



Uj ~'^k = j {,'Wjk)n/\<P + ^2 y {WjkAB)nA(f) 

in Qjk as before. In general we put 

^' = 9 = J23j^^r 

If, cf.,iD, 
then 

V/ / 
ri9 = e- 5' = e- e- 

If aj is a form on Qj, then ajAe'j is a well-defined global form. Therefore 
A and hence 

W = AAe^\ 

(i.e., Vr'^ = X]j ^^ "'(^'OViO has globally defined coefficients and 

pW = V^W. 

In fact, since A and g' have even degree, 

Vr,(v4Ae''') = e'AAAe^' + AAe^' A{e - e') = eAAAe^' . 
By the yoga above then the fc-cochain 

u''= [ {W''AB)nA(f) 



satisfies 



Thus pu'^ = du^'^^ for k < q — 1 whereas pAu'^ ^ is a holomorphic 
g-cocycle as desired. 

It remains to consider the case when we have different resolutions in 
Qj. For each pair j,k choose a weight gs^,^ with support in Cljk that 
is holomorphic in z in Qgjk — ^jk- By Theorem 3 Ch. 6 Section F 
in [10] we can choose a resolution in ^2^^.^. = ^2^^ in which both of the 
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resolutions in Qj and Clj. restricted to Qg.^ are direct summands. Let 
us fix metric and Hefer form and tlius a current a^^j. = {HR)s-^ in 
flsjk ^hus ^ solution Us-^^ corresponding to {HR)s-^Ags^,.. If we 
extend the metric and Hefer form from Qj in a way that respects the 
direct sum, then {HR)j with these extended choices will be unaffected, 
cf.. Section 4 in [Jj. On i^js^j. we therefore practically speaking have 
just one single resolution and as before thus Uj — Us is holomorphic (if 
g = 1) and dujs-t, if g > 1. It follows that Uj — Uk = Uj — Ug + Ug — Uk 
is holomorphic on Vlj^ if g = 1 and equal to d of 

if g > 1. We now claim that each 1-cocycle 

(4.6) Ujk + Uki + uij 

is holomorphic on Vtjki if g = 2 and (9-exact on Vtjki H Zreg if g > 2. On 
^Sjki — ^jki we can choose a resolution in which each of the resolutions 
associated with the indices sjk, Ski and Skj are direct summands. It 
follows that Ujs^^. +Us^^Sjki '^'^Sjkd is holomorphic if g = 2 and dujs-^Sjki 
if g > 2. Summing up, the statement about (14. 6 p follows. If we continue 
in this way Claim I follows. 

It remains to prove Claim II. It is not too hard to check by an 
appropriate induction procedure, cf., the very construction of Hefer 
morphisms in [2], that if we have two choices of (systems of) Hefer 
forms Hj and Hk for the same resolution /, then there is a form Hjk 
such that 

(4.7) 5r,H,k = -Hk + f{z)H^k - H,kf. 
More generally, if 

then for each k there is a (holomorphic) fc-cochain H'^ such that (as- 
suming f{z) = for simplicity) 

(4.8) 6^H'' = tAH^-^ - H^f 

(the difference in sign between (14. 7p and (14.81) is because in the latter 
one / is to the right of the basis elements). 

Elaborating the construction in Section 4 in [3], cf.. Section 8 in [T], 
one finds, given = ^ Rj^^j^ fc-cochains of currents such that 

(4.9) V/i?'^+^ = eAi?^ 

We now define a product of forms in the following way. If the mul- 
tiindices /, J have no index in common, then (e/, ej) = 0, whereas 





l/l 


|!|J|! 




+ 1^1 + 1)! 
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We then extend it to any forms bilinearly in the natural way. It is easy 
to check that 

{H'f,R') = -iH'jR'). 

Using (14.81) and (14.91) (and keeping in mind that and R^ have odd 
order) one can verify that 

V^{H\R^) = {eAH^-\R^) + {H\eAR^). 

By a similar argument one can finally check that 

k 

A'' = Y^{W,R^-^) 

j=0 

will satisfy (14. 5p . Thus Claim II and hence Theorem 11.31 is proved in 
case Z = X is a subvariety of C C" . □ 

The extension to a general analytic space X is done in pretty much 
the same way and we just sketch the basic idea. First assume that we 
have a fixed r] as before but two different choices s and s of admissible 
form, and let B and B be the corresponding locally integrable forms. 
Then, see [3], 

(4.10) VrjiBAB) = B - B 

in the current sense, and by a minor modification of Lemma 13.21 one 
can check that 

{HRAgABAB)nA(j) 



is smooth on XregC^^^', for degree reasons it vanishes if g = 1. It follows 
from flCTil) that Vr^{HR^AgABAB) = HR^AgAB - HR^AgAB from 
which we can conclude that 



(4.11) J {HRAgABAB)nA(j) = 

j {HRAgAB)r,A(p - J {HRAgAB)nA(f), z E to D Zreg- 

Now let us assume that we have two local solutions, in say u and 
u}', obtained from two different embeddings of slightly larger sets Co 
and a)' in subsets of C" and C"' , respectively. We want to compare 
these solutions on ujCiuj'. Localizing further, as before, we may assume 
that the weights both have support in fl uj'. After adding nonsense 
variables we may assume that both embeddings are into the same C", 
and after further localization there is a local biholomorphism in C" 
that maps one embedding onto the other one, see [10] • (Notice that 
a solution obtained via an embedding in C"^ also can be obtained via 
an embedding into a larger C", by just adding dummy variables in the 
first formula.) In other words, we may assume that we have the same 
embedding in some open set C C" but two solutions obtained from 
different t] and r]'. (Arguing as before, however, we may assume that 



18 



MATS ANDERSSON & HAKAN SAMUELSSON 



we have the same resolution and the same residue current R.) Locally 
there is an invertible matrix hjk such that 

(4.12) ^'^ = J2h,kVk. 

We define a vector bundle mapping a* : A^/ as the identity on 

To ,,(fi X Q) and so that 

o:*drij = ^ hjkdr]k. 

It is readily checked that 

Therefore, a*g' is an r^-weight if g' is an r^'-weight. Moreover, if H is an 
?7'-Hefer morphism, then a*H is an ?7-Hefer morphism, cf., (13.11) . If B' 
is obtained from an t]' admissible form s', then a*s' is an 77- admissible 
form and a*B' is the corresponding locally integrable form. We claim 
that the r^'-solution 

(4.13) v' = J {H'RAg'AB')nA(l) 
is comparable to the r^-solution 

(4.14) v= a*{H'R)Aa*g'Aa*B'A(j). 



Notice that we are only interested in the component of the kernels. 
We have that {drj = drjiA . . . Adrjn etc) 

{H'RAg'AB')r, = AAdr]' ~ AAdet{d7]' /dQdC 

and 

Q*{H'RAg'AB')n = AA det hAdr] ~ AA det hdet{dri/dC)dC. 

Thus 

a*{H'RAg'ABX ~ ^{C, z){H' RAg' AB\ 

with 

1 7 1 (^V f ^ dr]'\-^ 
7 = det/idet— (^det— j . 

From fl4.12p we have that drjj/dCe = J2k^jk9Vk/dCe + C'd'?!) which 
implies that 7 is 1 on the diagonal. Thus 7 is a smooth (holomorphic) 
weight and therefore (14.131) and (I4.14p are comparable, and thus the 
claim is proved. This proves Theorem 11.31 in the case g = 1, and 
elaborating the idea as in the previous proof we obtain the general 
case. 

Remark 2. In case X is a Stein space and Xging is discrete there is 
a much simpler proof of Theorem 11.31 To begin with we can solve 
dv = (j) locally, and modifying by such local solutions we may assume 
that (j) is vanishing identically in a neighborhood of Xging- There exists 
a sequence of holomorphically convex open subsets X, such that X, is 
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relatively compact in Xj^i and Xj can be embedded as a subvariety 
of some pseudoconvex set flj in C"-*. Let Ki be the closure of Xg. By 
Theorem II .11 we can solve due = in a neighborhood of Ki and ue will 
be smooth. If g > 1 we can thus solve dwe = ue+i—ue in a neighborhood 
of Kf , and since Zsmg is discrete we can assume that dwe is smooth in 
X. Then vi = ui — ^'^k defines a global solution. If g = 1, then 
one obtains a global solution in a similar way by a Mittag-Leffler type 
argument. □ 

5. The asymptotic estimate 

To catch the asymptotic behaviour we have to globalize the proof of 
the first part of Proposition 12.21 

Since the functions f( generate the ideal JT", given any fixed point x 
on Zreg wc cau extract hi, . . . ,hp from fl such that dhiA . . . Adhp 7^ at 
X. After a reordering of the variables we may assume that ( = (") = 
(C, Cr , • • • , Cp) such that H = det{dh/dC") ^ at x. Outside the 
hypersurface {H = 0} we can (locally) make the change of coordinates 
Ku;") = (C',MC',C")) since 

Moreover, 

where Ajk are global holomorphic functions. Therefore, anywhere out- 
side {H = 0} we have that 

-x ^1 ^1 dety4,fc d d 

Proposition 5.1. Given a point x G Zreg, there is a hypersurface 
Y = {H = 0} avoiding x such that 

(5.2) R„ = Td^A...Ad^, 

hp hi 

where r is smooth outside Y and r = 0{H^'^^) for some M > 0. 
It follows from (15.11) and (15. 2p . cf., the proof of Proposition 12. 11 that 

|7pl < C\H\-^'. 
With a finite number of such choices Hj we have that 

Zsing = = 0} 

and thus 

\^p{z)\<min\H,iz)r''^ <C\H{z)\-'', 
3 
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where H = {Hi, ... , Hu). However \H\ > 5^ for some and hence 
fimj) follows for k = p. 

It remains to prove Proposition 15.11 We begin with the following 
simple lemma. 

Lemma 5.2. Assume that Fi, . . . , F^,^ are holomorphic r-columns 
at X & Q and that the germ $3, is in the suhmodule of O®^ generated 
by {Fj)^. If Fj,^ have meromorphic extensions to Q, then there are 
holomorphic Aj with meromorphic extension to (a possibly somewhat 
smaller neighborhood) fl such that $ = AiFi + ■ ■ ■ + AmFm- 

Proof. The analytic sheaf JF = (Fi, . . . , F^, $) / (i^i • • . , Fm) is coherent 
in Q and vanishing at x so it must have support on a variety Y outside 
X. If h is holomorphic and vanishing on Y, then /i*^jF = in a Stein 
neighborhood fl' of the closed ball if M is large enough. Therefore 
there are holomorphic functions aj in Q' such that h^^^ = ^ CLjFj. □ 

Suppose that the holomorphic r-columns F = (Fi, . . . , Fm) and F = 
{Fl, . . . , Frh) are minimal generators of the same sheaf at x. It is well- 
known that then m = m and there is a holomorphic invertible m x m- 
matrix a at a; such that F = Fa. 

Claim I If F,F have meromorphic extensions to Q, then we may as- 
sume that a has as well. 

Proof. By Lemma 15.21 we have global meromorphic matrices a and b, 
holomorphic at x, such that F = Fa and F = Fb. Thus F = Fab, and 
since F is minimal, it follows that ab = I + a where the entries in a 
belong to the maximal ideal at x, i.e., a{x) = 0. Therefore the matrix 
/ + a is invertible at x, and so b{I + a)~^ is a meromorphic inverse to 
a that is holomorphic and an isomorphism at x. □ 

Assume that is a coherent sheaf in Q of codimension p at x and let 
0{Ek), fk and 0{Ek), fk, k = 0, . . . ,p, he two minimal free resolutions 
of J-" at a; G fi. Moreover, assume that all fk,fk have meromorphic 
extensions to Q. By iterated use of Claim I we get: 

Claim II There are isomorphisms g^'. 0{Ek) — > 0{Ek) holomorphic 
at X and with meromorphic extensions to Q such that gk^ifk = fkQk 

Assume for simplicity that Eq = Eq. Outside some hypersurface Y 
all the mappings fk,fk,gk are holomorphic, and there we have well- 
defined currents Rp and Rp, and Rp = gpRp there, cf.. Section 4 in [1]. 
Since the codimension is p and the complexes end up at p the residue 
currents Rp and Rp are independent of the choice of Hermitian metrics. 

Now let 0{Ek), fk be an arbitrary free resolution of in Vt. It is well- 
known that, given x G fi, there is locally a holomorphic decomposition 
Ek = E'^® E'l, fk = fl® fk such that 0{E'f^),f'^ is a minimal free 
resolution of at x and 0(F^'), f'^ is a free resolution of 0. In other 
words, if we fix global holomorphic frames for Ek to begin with. 
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then there are holomorphic Gk with values in GL(ranki?fc, C) such 
that the first rankE'^ elements in CkGk generate E'f^ whereas the last 
ones generate E'^. We claim, as the reader may expect at this stage, 
that 

Claim III The Gk can be assumed to have meromorphic extensions to 

Proof of Claim III. We proceed by induction. Suppose that we have 
found the desired decomposition up to Ek and consider the mapping 
fk+i expressed in the new frame of Ek and the original frame for Ek+i- 
Thus (the matrix for) fk+i is holomorphic at x and globally mero- 
morphic. Choose a minimal number of columns of fk+i such that the 
restrictions to E'^^ generate the stalk of Ker/^ at x. After a trivial 
reordering of the columns we may assume that 

Jk+1 - \ ^ 

By Lemma 15.21 there is a meromorphic matrix a, holomorphic and in- 
vertible at x, such that = fk^ia. Therefore we can make the mero- 
morphic change of frame 

^ c^" J[o I ) [ ^ f';^. 

We now claim that 

(5.3) Im/" =Ker/^ 



at X. By the lemma again we can then find a meromorphic matrix a, 
holomorphic and invertible at x such that \1/ = /fc+iO, and then after a 
similar meromorphic change of frame as before we get that the mapping 
fk+i has the matrix 

f'U 

in the new frames. Thus it remains to check (15. 3p which is indeed a 
statement over the local ring Ox and therefore "wellknown". In any 
case, for each z e Ker we can solve 

Since /^_,_]^ is minimal this implies that ^ is in the maximal ideal at x 
and hence is in the maximal ideal. Thus we can solve /^'^^ = z — a 
with a in the maximal ideal for each z G Ker /^'. However, since is a 
resolution of it follows that each Ker f'^ is a free module. Expressed 
in a basis for Ker/^' we can solve then /^'^^r/ = I — a and since a 
is in the maximal ideal it follows that / — a is invertible; hence (15. 3 p 
follows. □ 
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We can now conclude the proof of Proposition 15.11 Let us equip 
the bundles = E'f, Q) E'l with some metrics that respect the de- 
composition, for instance the trivial metric with respect to the "new" 
frame. Both 0{El),fl. and the Koszul complex generated by h are 
minimal resolutions of J-" = O/ J' at x, and since both of them have 
meromorphic extensions to Q by Claim II there is a meromorphic Qp, 
holomorphic at x, such that 

% = gpdil/hp)A...dil/h). 

Here R'p is the current obtained from the resolution If Rp is the 
current with respect to the new metric, then 



with respect to the new frame, and hence we obtain the matrix for Rp 
with respect to the original frame after multiplying with the matrix 
Gp. Notice that outside Zp^i, the image of /p+i is a smooth (holomor- 
phic) subbundle H of Ep, and let vr be the orthogonal projection onto 
the orthogonal complement (with respect to the original metric) of H. 
Then, cf., [3|, -Rp = nRp. Thus r in (15.21) is 7iGp{gp 0)^, and since vr 
does not increase norms, the estimate in Proposition 15.11 follows. 



6. Examples 

We explain what the currents U and R and our Koppelman formulas 
mean in the case of a reduced complete intersection. We also illustrate 
the techniques of Section [H] where 9-closed extensions and solutions 
with compact support are considered. 

Let /i, . . . , /p be holomorphic functions, defined in a suitable neigh- 
borhood of B C C", and assume that Z = {fi = ■ ■ ■ = fp = 0} has 
dimension d = n — p and dfiA . . . Adfp ^ on Z^eg-, cf.. Example [B 
Then R = Rp is given by (12.61) with a replaced by /. 

Let hj be Hefer (0, l)-forms so that 6rjhj = fj{C) " fj{^) l^t 
h = Y.hj/\e*] recall that /i is a section of k{A* © T*{^)). The 
Hefer morphisms Hf^ can be described as interior multiplication with 
h^~^ /{k — [)\ and a straight forward computation shows that 

HR = H^Rp = d^A ■ ■ ■ A9^A/iiA ■ ■ ■ Ahp = 7j[Z]A/i, 
Jp Ji 

where 7 is a smooth {p, 0)-vector field on Zreg such that 7 j(i/pA ■ • • Adfi = 
{2'KiY and h = hiA ■ ■ ■ Ahp. According to the proof of the Koppelman 
formula(s) above, our solution operator to d on Zreg is 



(6.1) 



/C0(^) = / -f4hAigAB)d]A(P. 
Jz 
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and the projection operator is 

(6.2) V<P= [ ^4hA9,]A<l>= I lAh4i^^^/^^f^^^ 

Here g is the weight g = x(C) " dx{C)/\icr /Vrjcr) from Example 2 and 
B is the Bochner-Martinelh form associated with rj = ( — z. 

In particular, the right hand side of f l6.2p is a quite simple represen- 
tation formula for a strongly holomorphic function (p on Z. 

If Zsing is discrete, avoids the boundary, dB, of the ball, and Z 
intersects dM transversally, then we get back the representation formula 
for strongly holomorphic functions of Stout [53] and Hatziafratis [TT] 
since then we may let x fl()-2p be the characteristic function for B 
and the integral becomes an integral over Z fl dM. 

Suppose in addition that d = 1. Let C, = Yl ^j^Vj be a form satisfying 
6rjC, = 1 outside A, e.g., ^ = -Bi or ^ = cr. For some function C{z, () (a 
priori depending on ^) we have hAC, = CdrjiA ■ ■ ■ Adrjn- Applying 5,, to 
this equality we get (— = C6rj{driiA ■ ■ ■ Adrjn) for {z,Q ^ Z x Z 
since 6r^h = for such {z, (). From this we read off that C \zxz is mero- 
morphic, independent of ^, and with (at most) a first order singularity 
along the diagonal. We conclude that hA{gAB)i = xC drjiA • • • Adrjn 
and hAgi = dxAC drjiA ■ ■ ■ Adrjn on Z x Z and our solution kernels K 
and P become 

K{z, = xiOCiz, C) ■ il^dC), P{z, C) = ±dx{OAC{z, c) • (7^^^C). 

Notice that '~f-id( is a holomorphic 1-form on Zreg since 7-i[^] = d{l/f) 
there. If Z is the cusp Z = {f{z) = 2;[ — 2;| = 0} C C^, where r and s 
are relativly prime integers 2 < r < s, one readily checks that 

, _ 1 / C[-4 , Ci-zl . 7 _ rCl-'d/dC, - sQ-'d/dC2 

Using the paramertization r i-^ (r*,r'") = (Ci5C2) of a straight for- 
ward computation shows that 'yjdC,iAdC,2 = 2TTidT / t^^^^^^^~^\ yielding 
the following Cauchy formula 

7|,|=, tC-DC-i) .-o7,<|,|<, t('-i)('-i) 



on Z, where 



1 T-r-s y-r 

C{r,t) 



Assume now, cf.. Section [HI that Zsing C -ft' CC B and let ip be 
a smooth 9-closed (0, g — l)-form on Z \K. Let x a^^id x be cutoff 
functions in B such that x is 1 in a neighborhood of K and x is 1 in a 
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neighborhood of supp(x). Put 

z ■ dr] A {dz ■ driY~^ 
{2m{\z\'^ - z ■ QY ' 



9 = X[z) 



dx{z) A J2 



i.e., g is the weight from Example [2] with z and ( interchanged. Our for- 
mulas show that (16.11) . with g replaced by g and replaced by dx/\^p, is 
a solution with compact support in B (and in fact also smooth across 
Zsing) to the equation du = dx/\^p on Z^eg provided that the corre- 
sponding projection term, cf., (16. 2p . 

..ON N f r, z- dC Aidz- dCy-^1 ^ 

(6.3) -ax(.)Aj^j.[hr. (4|,|L,.o). ]a9xAv.- 

vanishes. Then {l — x)f + u is smooth and 9-closed on Z, and coincides 
with (f outside a neighborhood in Z of K. As long as q < d, (16.31) is 
trivally zero; if q = d, then it is clearly sufficient that 

(6.4) [ dxA^^Ah^dO = 0, ieO{Z). 
J z 

On the other hand, if (p has a smooth c)-closed extension, then (16. 4p 
holds. In particular we see that if ip is holomorphic on the regular part 
of the cusp Z, then is strongly holomorphic if and only if 

/ ipidr/T^'-^^'^'-^^ = 0, ^ G 0{Z). 

J\r\=e 

7. Solutions formulas with weights 

For the proof of Theorem 11.71 we use extra weight factors. Let A be 
any subvariety of Z that contains Zging, in particular A may be Zging 
itself. Let a be a holomorphic tuple in Q such that {a = 0}r\Z = Zsmg, 
and let if" be a holomorphic (1, 0)-form in Q such that S^jH^ = a{() — 
a{z). If ip is a (0, g)-form that vanishes in a neighborhood of Z^ing we 
can incorporate the weight 

in (13.81) . i.e., we use the weight g^Ag instead of just g, the usual weight 
with compact support that is holomorphic in z. Since the operators in 
Lemma [3^ are bounded on Lf^^, we have that 

(7.2) ^ = d f ^4HAg^AgAB)nA^ + j ^4HAg^AgAB)^Adtlj, 

for (0, g)-forms q>l, in U'{Zreg) that vanish in a neighborhood of 
Zsing- If is as in Theorem 11.71 thus (17.21) holds ioi ifj = x(|ap/e)0 for 
each e > 0. For each natural number /i we get a solution when e — > in 
view of the asymptotic estimate of I7I if just is large enough. If /x is 
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large, then the solution will vanish to high order at Zging and therefore 
Theorem 11.71 follows. 

8. Solutions with compact support 

Theorems 11.41 11.51 and 11.61 are Hartogs type theorems, because solv- 
ability of dip = in Xreg roughly speaking means that ip has a 9-closed 
smooth extension across Xging- As usual therefore the proofs rely on 
the possibility to solve the (9-equation with compact support. 

To begin with we assume that Z is defined in a neighborhood of the 
closed unit ball B. Since the depth of (9/ JT" is at least u we can choose, 
see, e.g., [H], a resolution (12.21) with N = n — u, and the associated 
residue current then is R = Rp + ■■■ + Rn-u- Notice that dRn-u = 0. 

Proposition 8.1. Let Z be a subvariety of a neighborhood ofM with the 
single singular point 0. Assume that cf) is a smooth d-closed (0, q)-form 

%n znM\W,. 

(i) If Q ^ V — '^ there is a smooth d-closed form $ in ZflB that coincides 
with (j) outside a neighborhood in Z o/ Z fl . 

(ii) If q = V — 1 the same is true if and only if 

(8.1) j Rn^uAdxAh^AdC = j 9xA/i0A(7„_^jrfC) = 0, he C(B), 

if X is a cutoff function in B that is 1 in a neighborhood o/B^. 

Notice that (18.11) holds for all such x if it holds for one single x- 

Proof. First notice that ii q = v — 1 and the extension $ of exists, 
then choosing x such that $ = on the support of dx we have that 

Rn-uAdxAh^AdC = d{Rn^^AxAh^AdQ 

and since Rn-u/\X^Ii'^^d( has compact support (18.11) must hold. 

If X is as in the theorem, then (1 — x)0 is a smooth extension of 
across B^, and to find the 9-closed extension we have to solve du = f 
with compact support, where / = BxAcj). To this end, let x be a cutoff 
function that is 1 in a neighborhood of a closed ball that contains the 
support of / and let g be the weight from Example [2] with this choice 
of X but with z and ( interchanged. It does not have compact support 
with respect to (, but since / has compact support itself we still have 
the Koppelman formula (13. 8p . Clearly 




{HRAgAB)nAf 



has support in a neighborhood of the support of /, and it follows from 
Koppelman's formula that it is indeed a solution if the associated inte- 
gral Vf vanishes. However, since now s is holomorphic in for degree 
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reasons we have that 
Vf{z) = j {HRAg)r,Af = ±dx{z)A j HRr,.,,,AsA{dsyAdxA<P 

= ±9X(.)A j fffl„_,_.Ap-|A_^-^AaxA^. 

If g < V — 1, then this integral vanishes since then Rn-q-i = 0. If 
q = u — 1, then V(j) vanishes if (18.1 p holds, keeping in mind that H is 
holomorphic in the ball. Since / = in a neighborhood of in Z we 
have that u is smooth, and $ = (1 — x)0 + Mis the desired 9-closed 
extension. □ 

In particular we have proved a simple case of Theorem 11.41 and we 
obtain the general case along the same lines. 



Proof of Theorem \1.4\ Since X can be exhausted by holomorphically 
convex subsets each of which can be embedded in some affine space, we 
can assume from the beginning that X G Q G C^, where fl is pseudo- 
convex. Let u; CC be a holomorphically convex open set in Q that 
contains K. Let x be a cutoff function in uj that is 1 in a neighborhood 
of K. Choose a cutoff function x that is 1 in a neighborhood of the 
holomorphically convex hull of the support of / and let g be the weight 
from Example [2] with this choice of x but with z and ( interchanged. 
As in the previous proof we get a solution with support in u, provided 
that the corresponding projection term Vf vanishes. If u > 1, then 
Vf vanishes automatically and if z/ = 1, then Vf = if 

(8.2) / Rn-iAdCAdxA(j)h = ± [ 9xA0/iA(7„_i jrfC) = 



J J X 

for dX\ h G 0{uj r\ X), and by approximation it is enough to assume 
that (E2D holds for h G 0(X), i.e., that ([LSD holds. 

Since Xsing is not contained in our solution u is, outside of 
only defined on X^eg- Therefore $ = (1— x)0+m is holomorphic in X^gg, 
in a neighborhood of K, and outside u. Since X^^^ \K is connected, 
$ = there. (Even without the connectedness assumptions it follows 
that $ is in C(X), since it has at most polynomial growth at Zsing-i 
hence is meromorphic and its pole set is contained in uo p[ X.) The 
necessity of the moment condition follows as in the previous proof. □ 

Example 3. Let X C be an irreducible curve with one transverse self 
intersection at G C^. Close to 0, X has two irreducible components, 
y4i, ^2, each isomorphic to a disc in C. Let K G Aihe a, closed annulus 
surrounding the intersection point Ai r\ A2. Then X\K is connected 
but Xreg \ K is uot. Denote the "bounded component" oi Ai\K by 
Ui and put U2 = X\{K UUi). Let G 0{X) satisfy 0(0) = and 
define to be on Ui and equal to on f/2. Then G 0{X \ K) and 
a straight forward verification shows that satisfies the compatibility 
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condition fll.51) : cf. also (16. 4p . But clearly, cannot be extended to a 
strongly liolomorphic function on X. □ 

We now consider the case when Xging has positive dimension more 
closely. Locally we have an analogue of Proposition 18.11 For conve- 
nience we first consider the technical part concerning solutions with 
compact support. 

Proposition 8.2. Let Z be an analytic set defined in a neighborhood 
o/B C C", let X G Zging, and let a be a holomorphic tuple such that 
Zsing = {a = 0} in a neighborhood of x and let d' = dim Zging- Assume 
that f is a smooth d-closed {O,q)-form in a neighborhood of x with 
/ = close to Zsing O'TT'd with f supported in {\a\ < t} for some small t. 

(i) Ifl^q^jy — d' — 1, then in a neighborhood U of x one can 
find a smooth {0,q — l)-form, u, with support in {\a\ < t} and 

du = f in U n Zreg- 

(ii) If q = u — d' , then one can find such a solution if and only if 

(8.3) J Rn-, AhAf = ±J /A/iA(7„_,jdC) = 

for all smooth d-closed {O,d')-forms, h, such that supp{h) fl 
{\a\ < t} is compact. 

Proof. Let Xa be a cutoff function in B, which in a neighborhood of 
x satisfies that = 1 in a neighborhood of the support of / and 
Xa = in a neighborhood of {\a\ > t}. Let also H"^ be a holomorphic 
(1, 0)-form, as in the previous section, and define 



9 = Xa{z) - dXa{z) A — , 



V^a, \aiz)\^ - aiC) ■ a{z) 

Then g"- is a smooth weight for ( in the support of /. Close to x we can 
choose coordinates {z', z") = {z[, . . . ,z'^,, z", . . . , Zp+r) centered at x so 
that Zsing C {\z"\ < \z'\}. Since / is supported close to Zsing we can 
choose a function x = x(C')) which is 1 close to x and fx has compact 
support. Let now g = X ~ dx A a/VrjCr be the weight from Example 2 
but built from z' and Our Koppelman formula now gives that 



u = ICf = J iHRAg^AgAB)nAf 
has the desired properties provided that the obstruction term 



Vf = JiHRAg'^AgynAf 



vanishes. Since g is built from g has at most degree d' in d(. More- 
over, HR has at most degree n — u in d( and g"" has no degree in d(. 
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Thus, if q < u — d', then {HR A (7° A A / cannot have degree n in 
d( and so Vf = in that case. This proves (i). 
To show (ii), note that if q = u — d', then 



Vf = Xaiz) J HRn^.Agd'Af. 



Now, H depends holomorphically on ( and gd> is 9-closed since it is 
the top degree term of a weight. Also, g has compact support in the 
(■'-direction, so supp(5') H {|a| < t} is compact and thus Vf = if 
(18. 3p is fulfulled. On the other hand, it is clear that the existence of a 
solution with support in {|a| < t} implies (18. 3p . □ 

Proof of Theorem \1.5[ We first assume that = B and Z G Q has 
the single singular point 0. Ifg = 0<i^ — l(org = = z^ — 1 and 
(18. ip holds), then it is clear from Proposition 18.11 that is strongly 
holomorphic. 

Fix r < 1 and let Ki = Z (1 {Mr\ Mi/i). If now g < z/ - 1 it follows 
from Proposition 18 . II that there is a 9-closed form $£ in a neighborhood 
in Z of Mr (1 Z that coincides with in a neighborhood of Ki, and by 
Theorem 11.11 we therefore have a smooth solution u'^ to du[ = in a 
neighborhood of K£. Now c)-closed (0, g — l)-form in a 

neighborhood of Ki and thus there is a global smooth 9-closed form 
Wi that coincides with — in a neighborhood of K^. If we let 
Uk = u'f^ — {wi + ■ ■ ■ + Wk-i) then u = lim Uk exists and solves du = (p 
in ZnMr\ {0}. 

Notice that if the desired solution exists, then (18. ip must be fulfilled. 

Assume now that X is an analytic space with arbitrary singular 
set. Arguing as in the proof of the case dimX^jn^ = above, we can 
conclude from Proposition 18.21 Given a point x there is a neighborhood 
U such that if (p is a d-closed smooth (0, q)-form in U (1 X^eg, < g < 
u — d' — l, then is strongly holomorphic ifq = and exact in X^eg^U' , 
for a possibly slightly smaller neighborhood U' of x, if q > 1. 

We define the analytic sheaves J-'k on X by J^k(U) = Ea^kiU fl X^eg) 
for open sets U G X. Then J-'k are fine sheaves and 

(8.4) ^ Cx ^ ^0 ^ ^1 ^ ^2 ^ ■ • • 

is exact for k < u — d' — 1. It follows that 

rrkfy .0 ^ KergJ^fc(X) 

H {X,Ux) = — 7-7^ 

for k < u — d' — 1. Hence Theorem 11.51 follows. □ 

Proof of Theorem We first assume that X C C C" has an iso- 
lated singularity at 0. After a linear change of coordinates in C", and 
shrinking f2, we may assume that the (i-tuple a{z) = {zi, . . . , Zd) van- 
ishes only at on X. Let Ue = {\a\ < 2"^} fl ^l. We claim that if / 
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is a smooth (0, c?)-form in Ui \ {0}, with support in Ug, then there is a 
smooth form such that / — dvi has support in Ui^i and vi together 
with its derivatives up to order £ are bounded by outside Ui. 

From the beginning we assume that has support in Ui. Taking the 
claim for granted we choose inductively / as — dvi — ... — dv^^i, and 
we then obtain a solution v = vi + V2 + ■ ■ ■ in U \ {0} to dv = (p. 

To see the claim we use the weight (17. ip but with z and ( inter- 
changed, i.e., 

= {cr{z) ■ a(C) + da{z) ■ H'r, 

where a = a/|ap. After a small modification we may assume that / 
vanishes identically in a neighborhood of 0. Then since / has support 
in Up, 



Kfiz) = j {HRAg''AB)„Af 



together with a finite number of derivatives will be small outside Ui if 
/i is chosen large enough. As before it is smooth since / = close to 



Zsing. Moreover it is a solution, because 



Vf{z) = j {HRAgnnAf 



will vanish for degree reasons since daiA . . . Adad = 0. 

Finally assume that X is a general Stein space. Since we can solve 
du = (j) m. a, neighborhood of each singular point, we can find a global u 
such that / = (f)—du is smooth and vanishes in a neighborhood of Xsmg- 
By Theorem 11.31 we can solve dv = f on X^eg and thus d{v + u) = (p 

in Xreg- □ 



9. Meromorphic and strongly holomorphic functions 

A meromorphic function on Z C can be represented by a mero- 
morphic $ in the ambient space that is generically holomorphic on Z^^g ■ 
Let R be the residue current associated with Z. We show in [3J that 
R(f) is well-defined for any meromorphic 0. In fact, it can be defined as 
the analytic continuation to A = of the current if $ is a rep- 

resentative of in the ambient space and /i is a holomorphic function 
in Q such that is holomorphic and generically non-vanishing on Z. 
One also has a well-defined current 

RAd(j) = -V/(i?0) = d\h\'^^AR(j)\x=o 

with support on the pole set of 0. 

In |3] we proved the following result that generalizes a previous result 
by Tsikh in the case of a complete intersection, see [21] and [T^ . 

Theorem 9.1. If (p is meromorphic on Z , then is strongly holomor- 
phic if and only if RAdcp = 0. 
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By our Koppelman formula we can give a proof that provides an 
explicit analytic extension of to fl. 

Proof. Assume that is meromorphic on Z and let $ be a representa- 
tive. For Re A >> we have from Theorem lUJ 



\h{z)\'^^^z) = j \h\^^HmAg + j d\h\'^^AHmAgAB. 

For z G Zreg \ {/i = 0} we can take A = and we get (after choosing 
various h) the formula 

(j){z)= HR(f)Ag+ H{RAd(f))AgAB, z e Zreg\P<j>. 



If RAdcf) = it follows that (j){z) generically is equal to the first term 
on the right hand side which is a strongly holomorphic function. □ 

We conclude by formulating a conjecture. If is weakly holomorphic 
then C Zsing so RAdcp has support on Zgi^g. Since RAdcj) is a VM.- 
current it follows for degree reasons that it must vanish if 

(9.1) codim Zsing > 2 + p, codimZ^ > 2 + fc, k > p, 

see [3]. This means that all weakly holomorphic functions are indeed 
strongly holomorphic if (19. ip is fulfilled. One can check that (19.11) is 
equivalent to the conditions Rl and 5*2 in Serre's criterion, see, e.g., 
[6]. Therefore (19. ip is indeed equivalent to that all (germs of) weakly 
holomorphic functions are holomorphic, i.e., Z is a normal variety. 

Suppose that is a smooth (9-closed (0, g)-form in Zj-eg and assume 
that admits some reasonable extension across Z^ing so that RAdcj) is 
a hypermeromorphic current. Arguing as in |3] it follows that RAd(f) 
must vanish if 

(9.2) codim Zging > 2 + q + p, codim Z^ > 2 + q + k, k > p, 

which is (equivalent to) the conditions Rg-i and Sg. The Koppel- 
man formula will then produce a smooth solution to dip = on Zreg- 
One could therefore conjecture that the Dolbeault cohomology groups 
H^^^{Zreg) vaulsh ioi ^ < q if (and only if?) (I92D holds. 

If we consider Z as an intrinsic analytic space, then in the notation 
in Remark [1] the condition (19. 2p means that codim Z^ >2 + q + r for 
r > 0. 
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